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Individual Round: Combinatorics Subject Test

1. There are 1000 rooms in a row along a long corridor. Initially the first room contains
1000 people and the remaining rooms are empty. Each minute, the following happens:
for each room containing more than one person, someone in that room decides it is
too crowded and moves to the next room. All these movements are simultaneous (so
nobody moves more than once within a minute). After one hour, how many different
rooms will have people in them?

2. How many ways can you mark 8 squares of an 8× 8 chessboard so that no two marked
squares are in the same row or column, and none of the four corner squares is marked?
(Rotations and reflections are considered different.)

3. A class of 10 students took a math test. Each problem was solved by exactly 7 of the
students. If the first nine students each solved 4 problems, how many problems did
the tenth student solve?

4. Andrea flips a fair coin repeatedly, continuing until she either flips two heads in a row
(the sequence HH) or flips tails followed by heads (the sequence TH). What is the
probability that she will stop after flipping HH?

5. A best-of-9 series is to be played between two teams; that is, the first team to win 5
games is the winner. The Mathletes have a chance of 2/3 of winning any given game.
What is the probability that exactly 7 games will need to be played to determine a
winner?

6. A committee of 5 is to be chosen from a group of 9 people. How many ways can it be
chosen, if Bill and Karl must serve together or not at all, and Alice and Jane refuse to
serve with each other?

7. We have a polyhedron such that an ant can walk from one vertex to another, traveling
only along edges, and traversing every edge exactly once. What is the smallest possible
total number of vertices, edges, and faces of this polyhedron?

8. Urn A contains 4 white balls and 2 red balls. Urn B contains 3 red balls and 3 black
balls. An urn is randomly selected, and then a ball inside of that urn is removed. We
then repeat the process of selecting an urn and drawing out a ball, without returning
the first ball. What is the probability that the first ball drawn was red, given that the
second ball drawn was black?

9. A classroom consists of a 5 × 5 array of desks, to be filled by anywhere from 0 to 25
students, inclusive. No student will sit at a desk unless either all other desks in its row
or all others in its column are filled (or both). Considering only the set of desks that are
occupied (and not which student sits at each desk), how many possible arrangements
are there?
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10. In a game similar to three card monte, the dealer places three cards on the table: the
queen of spades and two red cards. The cards are placed in a row, and the queen
starts in the center; the card configuration is thus RQR. The dealer proceeds to move.
With each move, the dealer randomly switches the center card with one of the two
edge cards (so the configuration after the first move is either RRQ or QRR). What is
the probability that, after 2004 moves, the center card is the queen?
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