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Individual Round: Calculus Subject Test — Solutions

1. Let f(z) = 2® + ax + b, with a # b, and suppose the tangent lines to the graph of f at
x = a and x = b are parallel. Find f(1).

Solution:

Since f'(x) = 322 + a, we must have 3a® + a = 3b* + a. Then a* = b*, and since a # b,
a=—b. Thus f(1)=1+a+b=1.

2. A plane curve is parameterized by z(t) = [ “* du and y(t) = [ ™% dy for 1 <t <
2. What is the length of the curve?
Solution:

By the Second Fundamental Theorem of Calculus, ‘fl—f = —Coft and % = —mtﬂ There-
fore, the length of the curve is
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3. Let f : R — R be a continuous function with [} f(z)f"(x)dz = 0 and [} f(z)>f'(z)dx =
18. What is [y f(x)*f'(x)dx?

Solution: |486/5

! / f 1 2 2
0= [ F@)f@)de = [ Cudu=5(71) = f(0)?), and

8= [ f@pses = 1= 3(70) - 107

The first equation implies f(0) = £+ f(1). The second equation shows that f(0) # f(1),
and in fact 54 = f(1)® — f(0)® = 2f(1)3, so f(1) = 3 and f(0) = —3. Then

[ #@t @ = | f it = ()7~ F0)°) = $(243 +243) = 0.
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4. Let f: R — R be a smooth function such that f'(x)* = f(x)f”(z) for all z. Suppose
f(0) =1 and f®(0) = 9. Find all possible values of f'(0).

Solution: |++v/3

Let f/(0) = a. Then the equation gives f”(0) = a®. Differentiating the given equation
gives

2f"(x)f"(x) = f(2) [ (z) + f'(2) f" (2),
or f'(x)f"(xz) = f(z)f”(x). Differentiating once more gives

@) f" (@) + f"(2)* = f2)f D (@) + f(2) f" ()



or f"(z)? = f(x)fW(z), giving 9 = f®(0) = a*. Thus a = ++/3. These are indeed
both attainable by f(z) = e**V3.

Alternative Solution: Rewrite the given equation as J}/,/((z)) =/ /((;”)) Integratlng both
sides gives In f'(z) = In f(z) + C}, and exponentiating gives f'(x) = C'f(x). This has
solution f(x) = Ae® for constants A and C. Since f(0) = 1, A = 1, and differentiating

we find that C* = f®(0) = 9, yielding f'(0) = C = +/3.

. Calculate

. T
lim ({L’x — xx> )
z—0t

Solution:

We first calculate lim, o+ 2*: it is just exp(lim, .o+ Inz). But

| 1
Iim zlnz = lim L lim /x =
z—0+ z—0t 1/56 z—0+ —1/.’132 z—0+

by L’Hopital’s Rule. Therefore lim, .o+ 2* = 1. Then lim, o+ 2*° = 0' = 0, so
hmx_>0+ <£17xT — ,ZE‘T> = —1.

. The graph of r = 2 4 cos 20 and its reflection over the line y = x bound five regions in
the plane. Find the area of the region containing the origin.

Solution: |97/2 —8

The original graph is closer to the origin than its reflection for § € (F,2) U (2%, T),
and the region is symmetric about the origin. Therefore the area we wish to find is

the polar integral
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7. Two ants, one starting at (—1,1), the other at (1,1), walk to the right along the
parabola y = 2% such that their midpoint moves along the line y = 1 with constant
speed 1. When the left ant first hits the line y = %, what is its speed?

Solution: |33 —3

When the left ant first hits the line y = 3, the right ant hits the line y = 2. The

left ant is then at (—?, 1), and the rlght ant is at (%, 3). Let the left ant have
velocity with components v, and vy, the right ant velocity with components w, and
. Since —g = 2z, v— = —+/2 and wy = /6. Since the midpoint of the ants moves

at speed 1 along the line y = 1, 2(1)35 + w,;) = 1 and (v, + w,) = 0. Therefore,

V2u, = —v, = w, = V6w, = V6(2 — v,). Solving for v, gives \/%ff/i =3 — /3. Then
the speed of the left ant is

VU2 402 = \/1}2 —V20,)? = V3Jv,| = 33— 3.

8. If f is a continuous real function such that f(z — 1) + f(x + 1) > = + f(x) for all x,
what is the minimum possible value of [?°* f(z)dx?

Solution:

Let g(x) = f(x) — z. Then

gr—1)+zx—-14g@x+)+x+1>z+g(x)+x
or g(x — 1)+ g(x + 1) > g(x). But now,
g(x +3) = g(z +2) — gz +1) > —g(x).

Therefore

/aa%g(x)dx = / d35+/
= [ o) + gla + ) 20

It follows that
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/ f(z)dz = / (9(x) + z)dx > / rdr = [:1;1 = 0052 = 2010012.
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Equality holds for f(z) =
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Solution: |e+ 1/e+2cos1




This is the power series
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evaluated at x = 1. But this power series can be written as the sum
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e +e % +2cosx.

It follows that the quantity is e + 1/e + 2 cos 1.

10. Let f : R — R be a smooth function such that f'(x) = f(1—x) for all z and f(0) = 1.

Find f(1).

Solution: [secl + tanl

Differentiating the given equation gives f”(z) = — f(z). This has solutions of the form

Acos(x) + Bsin(z).

f(1—x)

Since f(0) =1, A= 1. Then f'(x) = Bcos(z) — sin(z) and

= cos(l — )+ Bsin(1 — x)
= coslcosx+sinlsina + Bsinlcosez — Bcoslsinx
= (cosl+ Bsinl)cosz + (sinl — Bcos1)sinx.

Therefore, B = cos1+ Bsinl and —1 = sin1— B cos 1, both of which yield as solutions

B cos 1 _1+sin1
 1—sinl  cosl

B =secl + tanl.




