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Algebra and Number Theory Round

. Suppose P(z) is a cubic polynomial with integer coefficients such that P(v/5) = 5 and P(¥/5) = 5v/5.

Compute P(5).

. Compute the number of positive integers n < 1000 such that lem(n,9) is a perfect square. (Recall that

lem denotes the least common multiple.)
Suppose z is a real number such that sin(1 + cos? z + sin® z) = 3. Compute cos(1 + sin® z + cos* z).

Suppose P(z) is a polynomial with real coefficients such that P(t) = P(1)t? + P(P(1))t + P(P(P(1)))
for all real numbers ¢. Compute the largest possible value of P(P(P(P(1)))).

Suppose E, I, L, V are (not necessarily distinct) nonzero digits in base ten for which

e the four-digit number £ V I L is divisible by 73, and
e the four-digit number V I L E is divisible by 74.

Compute the four-digit number L I V E.

Suppose a1, as, ..., a1go are positive real numbers such that
kar—1
ay = ——————
ar—1 — (k—1)
for k=2, 3, ..., 100. Given that asg = as3, compute aigg.

If a, b, ¢, and d are pairwise distinct positive integers that satisfy lem(a, b, ¢, d) < 1000 and a+b = c¢+d,
compute the largest possible value of a + b.

Let S be the set of ordered pairs (a,b) of positive integers such that ged(a,d) = 1. Compute

> 2%

(a,b)es

. For any positive integers a and b with b > 1, let s;(a) be the sum of the digits of a when it is written

in base b. Suppose n is a positive integer such that
[logys 7] n [loggg 7] n
> o ([g)) =108 w3 e (|55 ) = s
Compute s20(n) — s23(n).
Let ¢ = €2™/99 and w = €2™/101 The polynomial

1‘9999 + aggggl‘gggg +---+aix+tag

has roots ("™ + w™ for all pairs of integers (m,n) with 0 < m < 99 and 0 < n < 101. Compute
a9799 + G9800 + * * * + A9998.



